
where V,i and A,, are the van der Waals volumes and areas 
of the molecule given by Bondi ( 1968) and where V,, and 
A,, are the van der Waals volume and area of a standard 
segment. The choice of a standard segment is somewhat arbi- 
trary. Here it is defined as a sphere such that for a linear 
polymethylene molecule of infinite length the identity 

(z/2)(r - 9 )  = r - 1 (B3) 
is satisfied. The coordination number z is set equal to 10. The 
volume of the standard sphere in terms of its radius Rws is 
given by 

V,, = 4/3 x Rws3 (B4) 
and the area by 

A,, = 4 n Rws2 (B5) 
The van der Waals volume and area of an n-mer of poly- 

methylene are n times the volume and area of a methylene 
group as given by Bondi; that is 

(Be) Vwi = n( 10.23) cms/mole 

(B7) A,I = n( 1.35) x lo9 cm2/mole 
Substitution of Equations (Bl) ,  (B2), and (B4) to (B7) 
into (B3) as n tends to infinity yields an equation which 
fixes R,, = 10.95 x 10'5 cm/mole.+ Substitution into Equa- 
tions (B4)  and (B5) yields a standard segment volume of 
15.17 cm3/mole and a standard segment area of 2.5 x 109 
cm2/mole. Equations { B l )  and (B2) then become 

ri = V,,/15.17 (Bla) 

( B2a ) 9i = AwJ( 2.5 x 109) 

Manuscript received June 11 ,  1974; revision received October 22 and 
accepted October 23, 1974. 

10.95 x lo= 
6.023 x 10" 

stituted into Equations (B4) and (B5). 

f Per molecule Rw = cm/molecule. This number is sub- 
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lysts, coagulation of colloidal particles in laminar shear flow, and coagula- 
tion of colloidal particles in a turbulent flow when the particles are smaller 
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SCOPE 
There are numerous physical processes for which it is 

of interest to know the time dependence of the size dis- 
tribution of particles. Colloid coagulation, sintering of the 
crystallites of a supported metal, microbial cell mass dis- 
tribution, crystallization, and bubbling in a fluidized bed 
are some examples. The time dependence of the size dis- 
tribution can be described by a population balance con- 
taining the density distribution as a function of sizes and 
time. For some conditions, using a similarity transforma- 
tion, it is possible to transform the equation containing 
partial derivatives into an ordinary integro-differential 
equation. In this manner the number of variables is re- 
duced from three to two and a single curve, the self-pre- 
serving spectrum, is obtained for the size spectrum (Swift 
and Friedlander, 1964; Friedlander and Wang, 1966). 

Time does not appear explicitly in these variables but in- 
directly via the total number of particles. There are, how- 
ever, a large number of cases of practical interest: sinter- 
ing controlled aging of supported metal catalysts; coagula- 
tion of colloidal particles in laminar shear flow; coagula- 
tion of colloidal particles in turbulent flow when the par- 
ticles are smaller than the size of the smallest eddy, for 
which, although the similarity transformation is possible, 
the transformed equation has no solution because of in- 
compatibility with constraints imposed by the total mass 
conservation equation and by the total number of particles 
(Pulvermacher and Ruckenstein, 1974). The goal of the 
present paper is to find a second kind of self-preserving 
spectrum which can be used in those cases where the first 
kind does not exist. 

CONCLUSIONS AND SIGNIFICANCE 
The analysis of the structure of the similarity variables 

shows that three steps are involved in their construction: 
(1) an invariant transformation of the population balance, 
(2) the use of the mass conservation condition to obtain 
an expression’ for an exponent [exponent A of Equation 
(4a)], (3) the use of the equation for the total number of 
particles to eliminate the time t from the similarity varia- 
bles. If there is compatibility between these steps, a self- 
preserving spectrum of the first kind exists; if not it does 
not exist. For a restricted range of the size spectrum one 
can ignore the conservation equation and the equation 
giving the total number of particles. The similarity vari- 
ables obtained in the fust step may thus remain valid, 
even when incompatibility exist between the three men- 
tioned steps. Because the determination of the exponent 
A and the elimination of the time are no longer possible, 

the form of the similarity variables must be induced from 
a particular situation for which the self-preserving spec- 
trum of the first kind does not exist but for which an ana- 
lytical solution is available. It is shown that the new self- 
preserving spectrum can describe satisfactorily the time 
dependence of the size distribution for sintering controlled 
aging of supported metals. The new similarity variables 
can be used to choose among various mechanisms and to 
obtain the time dependence of the total number of parti- 
cles when the commonly used measuring devices have a 
lower size limit of detection. An interesting byproduct is 
the observation that the new self-preserving spectrum 
leads, in the intermediary range of sizes, to a power law 
while the first kind of self-preserving spectrum leads to an 
exponential decay. Experiments have shown that the atmo- 
spheric aerosols have a power law decay. 

The time evolution of the size distribution of a cloud 
of particles is of interest in numerous physical processes. 
Colloid coagulation, supported metal catalysts, granula- 
tion, crystallization, growth of microbial cells, and 
bubbling in fluidized beds are a few examples. If the par- 
ticle size distribution is spatially homogeneous and if 
changes in size occur only via coalescence of the colliding 
particles, the size distribution satisfies the equation 

- - -  
- $,” N u ,  u >n(u,  t )n(  u, t ) d  lJ (1)  

where n (u, t )  du is the number of particles having at time 

t a volume between u and u + du, and P(u, u ) is the 
collision frequency factor between particles of volumes 

v and v. 
Todes (1949) and Swift and Friedlander (1964) have 

observed that if the collision frequency factor is a homo- 

geneous function in u and u Equation (1) can be changed 

c 

- 

- 

by means of a similarity transformation into an ordinary- 
integro-differential equation containing a single indepen- 
dent variable. Depending, however, upon the particular 

form of f i (  u, u ) , the equation obtained by the transforma- 
tion may or may not have a solution. In a previous paper 
Pulvermacher and Ruckenstein (1974) established a ne- 
cessary condition for the existence of a similarity solution. 
If a solution exists, it represents the asymptotic behavior 
of Equation (1) for sufficiently long times. No general 
proof for this assertion is available. The conclusion was 
induced from comparisons made in numerous cases be- 
tween the numerical solutions of Equation (1) and the 
equation obtained by the transformation (Hidy, 1965; Lai 
et al., 1972; Ruckenstein and Pulvermacher, 1973). The 
similarity solution represents the time dependence of the 
size distribution by a single cu rve the  self-preserving 
spectrum. 

There are, however, a large number of cases of practical 
interest for which, although a similarity transformation is 
possible, the equation obtained by the transformation has 
no solution. Such cases include sintering controlled aging 
of supported metal catalysts, coagulation of particles in 

c 
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laminar shear flow, and coagulation of spherical particles 
in a turbulent flow with particle radii smaller than the size 
of the smallest eddies, The goal of this paper is to find a 
second kind of self-preserving spectrum which can be used 
in those cases where transformations of the first kind do 
not lead to solutions. Because the analysis of the structure 
of the first transformation has clarified the way by which 
new variables are obtained, the first section of the paper 
is devoted to a discussion of Todes' and Swift and Fried- 
lander's approaches. Considerations from the first section 
suggest a new similarity solution which may be useful 
when that of Swift and Friedlander does not succeed. The 
new similarity solution covers, however, a restricted range 
of the size spectrum. Its usefulness is demonstrated in the 
last section in connection with the size distribution of 
supported metal crystallites. 

and 
B'v 

(4b') 

where A' and B' are constants, independent of v, t, and n. 
The constant A can be determined from the condition of 
mass conservation 

v +  = t-(l+A)/(l+m) 

4 =km v n ( q  t)du = const. (9) 

where 4 is the total volume of the particles. 
One obtains 

tA - ( 2 ( 1  + A  I /  ( 1 + m )  )A* m & v + n + ( v + ) d v +  (10) 
B'2 

+ =  

Consequently (for m z I), SELF-PRESERVING SPECTRUM OF THE FIRST KIND 
c 

The collision frequency factor B(v, v ) is considered a - 
homogeneous function of degree m in v and v 

c & 

B(WV,  wv ) = wmfi(0, v ) (2) 
Equation (1) is invariant under a one parameter group 
transformation consisting of the following set of trans- 
formations: 

t = a't ( 3 4  

(3b) 

(34 

- 
- 
v = aaW 

- -- and 
n ( v, t ) = uyw(v, t )  

provided a certain relation exists between the exponents 

The group transformation, Equations (3), gives rise to 
a19 Q2, and 71. 

the following similarity variables: 

2 A = -  
m - 1  

and 

The similarity variables become 

and 

c 

When B(v, u )  is a homogeneous function of degree zero 

in v and v, Expressions (13a) and (13b) lead to the 
similarity variables suggested by Todes ( 1949). 

There is a close relationship between the similarity 
variables (13) and those suggested by Swift and Fried- 
lander ( 1964) and Friedlander and Wang (1966). Indeed 
the total number of particles N is given by 

- 

Am n + ( v + ) d v +  (14) N = iw n(v,  t )dv  = -tl/(m-l) 
A' 
B0 

Substituting n, v, t from Equations (3) into Equation ( 1 )  , 
one obtains 

Theref ore 
2 

n(v ,  t )  [ s," n + ( v + ) d v +  ] Aa 

N2B02 n + ( v + )  = (154 
and 

(15b) 
Bas vN 

A' lm n+ ( v + ) d v +  
v +  = 

If we choose 
w 

n(v+)dv+  = 1  
The condition for invariance leads to 

and 

s," v+n(v+)dv+  = 1 (17)  

and take into account Equation (9), Expressions (15a) 
and (15b) become the similarity variables of Swift and 
Friedlander (1964) and Friedlander and Wang (1966) 

Denoting 
Y1 A = -  
ffl 

it follows that 
(7) 

ff2 1 + A  
ffl l + m  

The similarity variables, Equations 
form 

-=-- (8 1 

(4), thus take the 
and 
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Using the similarity variables (Ma) and (18b), Equation 
( 1 ) becomes 

where I) is subject to the constraints of Equations (16) 
and (17).  

It was shown in a previous paper (Pulvermacher and 
Ruckenstein, 1974) that Equation ( 19) has a solution 
compatible with the above mentioned constraints if 

9$+0 when q + O  (20) 

If condition (20) is not satisfied, either the integral from 
(16),  or both integrals from (16) and (17) diverge. This 
condition has been written in a more explicit form to 

show the effect of B(v, v ) (Pulvermacher and Rucken- 
stein, 1974). For sintering controlled aging of supported 
metals, for coagulation of particles in laminar shear flow, 
and for coagulation of spherical particles in turbulent flow 
when the particle radius is small compared to the size of 
the smallest eddy, condition (20) is not satisfied and con- 
sequently Equation (19) has no solution (Pulvermacher 
and Ruckenstein, 1974). In these cases, the similarity vari- 
ables + and T )  alone cannot represent the time dependence 
of the size spectrum. In the construction of the similarity 
variables using a one parameter group transformation 
(Equations ( 18) ), three steps are involved: 

(1 )  the invariant transformation of Equation (1)  which 
leads to the similarity variables (4)  ; 

(2) the use of the mass conservation condition, Equa- 
tion (9 ) ,  which leads to an equation for the exponent A; 

(3)  the use of Equation (14) for the total number of 
particles which eliminate the time from the similarity vari- 
ables (4 ) .  

Swift and Friedlander (1964) have used Birkhoffs 
method of separation of variables to construct the similar- 
ity variables. The following three steps are involved in 
their treatment: 

- 

(1)  introduction of variables of the form 

(2)  the use of Equation (14) for the total number of 
particles and 

( 3 )  the use of Equation (9)  for the total volume of 
particles to determine the form of the functions g ( t )  and 
v " ( t ) .  

When condition (20) is not satisfied, no similarity solu- 
tion exists because the similarity variables are incompati- 
ble with the constraint introduced by the mass conserva- 
tion equation. However, for a restricted range of the size 
spectrum one can ignore the mass conservation equation 
requirement. The similarity variables may then remain 
valid although not in the form of (18). Since only a part 
of the spectrum is now represented by the similarity vari- 
ables, it is no longer possible to use them in the conserva- 
tion equation and in the equation for the total number of 
particles. Thus one can no longer determine the exponent 
A and eliminate the time in the one parameter group 

transformation, nor determine the functions g ( t )  and 
ve ( t )  introduced in the method of separation of variables. 

In what follows new similarity variables are induced 
from a particdar situation for which condition (20) is not 
satisfied, but for which an analytical solution is available. 
It is then shown that these similarity variables are useful 
in other cases. 

SELF-PRESERVING SPECTRUM OF THE SECOND KIND 

If the collision frequency factor has the form 

analytical solutions to Equation (1)  are possible. They 
have been obtained by Go~ovin (1963) for two initial dis- 
tributions, 

For an initial distribution of the form 

 where^^ = 1 - N / N o .  
If the initial distribution has the form 

the solution to Equation (1 )  for u 5 + / N o  is 

- 71 
NO 

For large times N << No, and consequently 71 + 1. Equa- 
tion (23) then becomes 

for uk- (25a) 
No 

Equations (23a) and (25a) show that the particle size 
distribution can be represented for large times by a single 
curve in the coordinates 

and 
UNO 

r)+ =- 
4 

Furthermore, for 0 # N / N o  << 1, Equations (23a) 
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range of sizes for which n(u, t )  decreases becomes larger. 
Thus the range of sizes for which the unique curve is 
approached will increase in time. 

SlNTERlNG CONTROLLED AGING OF SUPPORTED 
METAL CATALYSl3 REPRESENTED BY MEANS OF 
THE VARIABLES $+ AND qf 

The kinetics of aging of supported metal crystallites was 
treated in previous papers by means of population balances 
of the form of Equation (1) (Ruckenstein and Pulver- 
macher 1973a,b). The collision frequency factor was ob- 
tained on the basis of a model accounting for diffusion of 
crystallites on the support and sintering of the colliding 
crystallites. Two limiting situations occur. If the interaction 
between the colliding crystallites is so strong that they 
form a single unit within a time which is short compared 
to the diffusional time, the rate of sintering is diffusion 
controlled. If the time for merging the colliding particles 
into a single unit is long compared to the diffusional time, 
then the merging process is the rate-determining step and 
the overall rate is sintering controlled. For diffusional con- 
trol, we have demonstrated that the collision frequency 
factor is compatible with a similarity solution of the first 
kind. For sintering control the collision frequency factor 
has the form (Ruckenstein and Pulvermacher, 1973a,b) : 

I 10 - c 

( v - v ~ )  N O  /3 (u, 2) ) = bl (tv + u 219) (29) 
In this case condition (20) is not satisfied (Pulvermacher 

lo-' 
3* E 

A 
Y and Ruckenstein, 1974) ind a similarity solution of the 

first kind cannot be used. It was shown previously (Ruck- Fig. 1. Similarity solution of the second kind for a collision frequency 

factor of the form B(v,v) = b(v + v);  unisized initial distribution. 
- - 

and (25a) lead to the same equation 

(27 ) in 
1 

+# = -I1 (27") exp ( - 2 ~ ~ )  
To 

where 

\---, 

'"I I 

\ \\ \ 1 
\ \\ \ 

and 00 is the volume of the smallest particle which is lo-' 
present at time t = 0. Thus, in the +Qr qo representation, 
the same spectrum is approached for large times by two 
distributions which, for t = 0, are represented by Equa- 

In order to have an appreciation for the range of sizes 
for which the similarity variables t,ho and 7" can be used, 
Golovin's results are plotted in Figure 1 for various values 
of N / N o .  The figure shows that a unique curve is ap- 
proached at short times only for the small particles but 
that the range of sizes for which the unique curve is valid 
increases with time. For purposes of comparison the re- 
sults are also plotted in Figure 2 in terms of the similarity 
variables + and 7. No unique curve is obtained by this 
representation. 

The behavior in Figure 1 has a simple physical explana- 
tion. The structure of the variables t,ho, 7' shows that no 
other parameter is needed to represent the size spectrum 
in that range of sizes for which n (u ,  t )  and N ( t )  have the 

of time, only the range of sizes for which n(u,  t )  decreases 
can be represented by the unique CUTVe +" vs, At short 
times, the concentration of the small particles decreases 
while the large particles are generated; at larger times the 

tions (22) and (24). io-2r 

1 6 ~  

id4 

I I l l u l ~  

lo-2 lo-' I 10 
same time dependence, Because N is a decreasing function 7) 

Fig. 2. Time dependence of particle size distribution for collision 

frequency foctor of the form p(v,v) = b(v + v! in the *, repre- 
sentation; unisized initial distribution. 

- - 
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enstein and Pulvermacher, 1973; Pulvermacher and Ruck- 
enstein, 1974) for three different initial distributions that 
no unique curve in the representation $, 7)  can be obtained. 
The supplementary parameters T = tall2.rrtlNo and 4* = 
+/vlNo have to be used along with the coordinates +, q. 
However, if the data are plotted in the coordinates $+ and 
q+ the range of sizes in which the curves approach each 
other increases with time: The numerical solution of 
Equations (1)  and (29) is plotted in the coordinates ++ 
and T +  for the unisized initial distribution (Figure 3), for 
a two parameter gamma-function initial distribution (Fig- 
ure 4) ,  and for an exponential initial distribution (Figure 
5 ) .  The figures show that as time increases the range of 
sizes in which the curves approach each other extends to 
larger particles. For comparison, we have plotted the 
numerical solution of Equation (1)  in Figure 6 for a two- 
parameter gamma-function initial distribution. The com- 
parison between Figures 4 and 6 shows that indeed the 
numerical solution of Equation (1) can be represented 
in a very satisfactory manner in the coordinates $+, qf .  

The main characteristics of the new similarity variable 
is the proportionality between n and N. It is shown below 
that this proportionality can be obtained from the popula- 
tion balance, Equation (l), for that range of sizes for 
which the term representing particle formation due to 
collision of the smalIer particles is small compared to the 
term representing the disappearance of particles due to 
collision with other particles. 

111 

++ 

I 10' 

Fig. 3. Similarity solution of the second kind for a collision frequency 

factor of the form ,Hv,v) = b1(v2/3 + ~ 2 1 3 ) ;  unisized initial dis- 
tribution. 

- - 

Fig. 4. Similarity solution of the second kind for a collision frequency 

factor of the form B(v,v) = b l W 3  + ~ 2 1 3 ) ;  initial distribution of 
the form of a two parameter gamma-function distribution: 

&,to) = Nora exp ( - r / B ) / I ' ( a  + 1 ) p + 1  
where 

0 2  <r> p=--' ,a=-- I; 

Example shown: <r> = 58A; u = 13.5A; radius of smollert 
particle in discrete representation 17.5A. 

- - 

<r> B 

16' I 10 I o2 

?- 
Fig. 5. Similarity solution of the second kind for a collision frequency - - 
factor of the form p(v,v) = bl(+ + 613) ;  initial distribution 

exp (- 2) 2 0 v 1  
C i  -= 
No 2 exp ( -2) 

2 O V l  
1 

In this situation the population equation may be ap- 
proximated by 

The decay of the total number of particles is given by - - CI 

-=-- d N ( t )  I s" s," B(v, v )n (v ,  t ) n (  v, t )dvdv 
dt 2 0  

(31) 
Using Equation (29) for /3 Equations (30) and (31) 
become 

dn(v. t )  
- y -  n(v,  t )  + M 2 / 3 )  ( 32 )  

at 
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I d  ' ' " ~ ~ ~ * 1  ' ' " I I I I I  ' a \ , , , , , * I  
I 10 I o2 lo3 3.103 

vi /v, 

Fig. 6. Time dependence of particle size distribution for collision 

frequency factor of the form p(v,v) = b1(v2/3 + ~ 2 1 3 ) ;  initial dis- 
tribution of the form of a two parameter gamma function distribu- 

tion (see Figure 4). 

- - 

and 
dN - = - bl M 2 / 3  N 
dt (33) 

where M 2 / 3  is the moment of order 2/3 defined by 

M 2 / 3  = s," v2/3n(v, t )dv  (34) 

For large times but not too large sizes 

M 2 / 3  >> v ~ / ~  N (35) 
Therefore, Equations (32) and (33) lead to 

aN N 
an n 
-=- 

which, upon integrating, becomes 

(37) 

DISCUSSION AND COMPARISON BETWEEN THE 
TWO KINDS OF SELF PRESERVING SPECTRA 

trasted here. In one of them the variables are 
Two kinds of self-preserving spectra have been con- 

whereas in the second they are 
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The variables 1 may be used for those forms of s ( u , z )  
which allow a similarity transformation and for which 
condition (20) is satisfied. In these situations, the curve 
$ = $(?) represents the asymptotic behavior of the solu- 
tion of Equation (1) for large times. The form of this 
curve can be obtained by solving the transformed Equa- 
tion (19), with the boundary condition $ + 0 when 
'1 + 00. In the cases for which the similarity variables 1 
can be used, the initial distribution affects the asymptotic 
behavior only via the total volume 4J of the particles; other 
details of the initial distribution disappear in time. The 
similarity solution is reached first by the larger particles 
and as time increases the smaller sizes approach the 
similarity solution. 

The variables I1 can be used for those forms of B ( v ,  ) 
which do allow a similarity transformation but do not 
satisfy condition (20). The representation in the coordi- 
nates ++ and q +  of the numerical solution of Equation (1) 
leads, for short times, to a family of curves which are very 
close to each other in the small size range. As time in- 
creases the range of sizes of the spectrum represented by 
the curve ++ = $+(?+) gets larger. The form of the 
curve ++ = $+(?+) cannot be obtained by solving the 
transformed equation since the variables ++ and ?+ are 
only valid in a restricted range of the size spectrum. The 
initial distribution strongly affects the quasi-self preserving 
spectrum (see Figures 3 to 5). In general, the initial dis- 
tribution determines the shape of the spectrum in the 
small size range (compare for instance Figures 3 and 5 ) .  
The figures also show that in an intermediate range a 
power law dependence of the form n / N  a vaa develops 
with an exponent (Y independent of the initial distribution. 
The proportionality constant depends only very weakly 
upon the initial distribution. A power law also develops 
for the collision frequency factor given by Equation (21) 
(compare Equation (27) and Figure 1). 

Perhaps it is of interest to mention that a power law 
dependence of the particle size spectrum has been found 
experimentally for atmospheric aerosols (Hidy and Brock, 
1970; Junge, 1957). If one assumes that Brownian coagu- 
lation is the controlling mechanism of the spectrum of 
atmospheric aerosols, numerical calculations show that the 
decay in the high range sizes has to be exponential. How- 
ever, if one assumes that turbulent coagulation is the con- 
trolling mechanism, the collision frequency factor has the 
form (Wang and Friedlander, 1967) - 

(38) p a ( ~ 1 1 3  + 113)s 

which is incompatible with a self preserving spectrum of 
the first kind (Pulvermacher and Ruckenstein 1974a), but 
compatible with a self preserving spectrum of the second 
kind and, consequently, with a power law. 

While the similarity variables I can be used to predict 
the time dependence of any moment of the size distribu- 
tion and to calculate the magnitude of certain process 
parameters (Friedlander and Wang, 1966; Ruckenstein 
and Pulvermacher, 19731; Pulvermacher and Ruckenstein, 
1974) the usefulness of the variables I1 is more restricted. 
However, some useful information can be extracted from 
them. For example, they may be used to choose among 
various coagulation mechanisms and to obtain information 
about the time dependence of the total number of particles 
when the total number of particles cannot be measured. 

Experimental data may be used to prove or disprove the 
validity of a particular form of the collision frequency fac- 
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tor. Assume for instance that after a short transient time the 
experimentally observed size distributions taken at differ- 
ent times of the coagulation process superpose in the 
small size range when plotted in the $J+, q+  representa- 
tion. Only mechanisms compatible with similarity variable 
of the second kind can have this behavior. In the inter- 
mediary range, the power law which develops is closely 
related to the form of the collision frequency factor and 
identifies the rate determining mechanism. The power law 
for a given mechanism may be obtained relatively easy if 
Equation (1) is solved numerically for an initially uni- 
sized distribution (see Figure 3) .  

In some problems, as for instance in the coagulation of 
spherical particles in laminar or turbulent shear flow, it is 
difficult to measure the total number of particles in the 
system because the commonly used measuring devices 
have a lower size limit of detection which is larger than 
the smallest particle in the system. A cumulative distribu- 
tion for diflerent threshold volumes is usually obtained. 
If one assumes that the particles size distribution below 
a certain volume v’ can be represented by the variables 11, 
the cumulative distribution for v” or smaller threshold vol- 
umes can be used to obtain the total number of particles 
and its time dependence. If v” is the threshold volume, 
the total number of particles can be written as 

N ( t )  = l * n ( v , t ) d v  + ~ u ~ n ( v , t ) d v  (39) 

Denoting 

Nu* = s,: n(v,  t )dv (40) 

and using the variables 11, Equation (39) can be written 
as 

+. NV. - = 1 -f $+(q+)dq+ E const. 
N (41) 

where 

If the s idar i ty  spectrum, ++ ( q + ) ,  and vav,o are known, 
Equation (41) allows the determination of N from the 
measured values of Nu*. 

NOTATION 

A = constant independent of volume and time 
A” = constant independent of volume and time 
a = scaling factor 
B” = constant independent of volume and time 
b, bl = constant independent of volume and time 
ci = number of particles containing i units 
F(v) = function of volume 
Zl = modified Bessel function of the first kind and 

M z I s  = moment of order 2/3 defined by Equation (34) 
m = exponent independent of volume and time 
No, N = total number of particles at time t = 0 and t = t ,  

Nut = cumulative distribution function defined by Equa- 

n (v ,  t )  = continuous density distribution function 
n + (v  + ) = dimensionless density distribution function de- 

fined by Equation (4a) 
n ( v,  t ) = transformation defined by Equation (3c) 
<r> = average particle radius 
rl = radius of smallest particle present in system 
t =time 
t = transformation defined by Equation (3a) 
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order 1 

respectively 

tion (40) 

- --  

- 

v = volume of a particle 
vi = volume of a particle containing i units 
v = transformation defined by Equation (3b) 
vo = volume of smallest particle present at time t = 0 
vav,o = average volume at time t = 0 
v +  = dimensionless volume defined by Equation (4b) 
w = constant, independent of volume 

Greek Letters 
CY, al, a2 = exponents 
all = reaction rate constant 

p ( 7 , ~ )  = dimensionless collision frequency factor 

B(v,  v ) = collision frequency factor between particles of 

yl = exponent 
u = dispersion 
7 

7 + 

7” 

T = t a l l 2 d 1 N O  dimensionless time 
rl = dimensionless total number of particles 
4 = total volume of particles 
4” = +/v lNo  dimensionless volume 
JI = similarity variable, dimensionless distribution 

JI + = similarity variable, dimensionless distribution 

JI” = similarity variable, dimensionless distribution 

- 

- 
- 

size v and v 

= similarity variable, dimensionless volume defined 

= similarity variable, dimensionless volume defined 

= similarity variable, dimensionless volume defined 

by Equation (18b) 

by Equation (26b) 

by Equation (28b) 

function defined by Equation (18a) 

function defined by Equation (26a) 

function defined by Equation (28a) 

LITERATURE CITED 

Friedlander, S. K., and C. S. Wan , “The Self-preserving Parti- 
cle Size Distribution for Coagu f ation by Brownian Motion,” 
J. Colloid Interface Sci., 22, 126 ( 1966). 

Golovin, A. M., “The Solution of the Coagulation Equation for 
Raindrops, Taking Condensation into Account,” Doklady 
Akad Nanc Soviet Phys. Dokl., 8, 191 (1963). 

Hidy, G. M., “On the theory of the coagulation of noninteract- 
ing particles in Brownian motion,” J .  Colloid Sci., 20, 123 
( 1965). 

., and J. R. Brock, The Dynamics of Aerocolloidal Sys- 
t e m ,  Vol. 1, Per amon Press, Oxford ( 1970). 

Junge, C., in Artijcial Stimulation of Rain, Pergamon Press, 
New York (1957). 

Lai, F. S., S. K. Friedlander, J. Pich, and G. M. Hidy, “The 
Self-preserving Particle Size Distribution for Brownian Co- 
agulation in the Free-Molecule Regime,” J .  Colloid Interface 
Sci., 39, 394 (1972). 

Pulvermacher, B., and E. Ruckenstein, “Similarity Solutions of 
Population Balances,” ibid., 46,428 ( 1974). 

., “Identification of the Rate Determining Step 
in Aging of Supported Metals,” J .  Catalysis, 35, 115 ( 1974). 

Ruckenstein, E., and B. Pulvermacher, “Growth Kinetics and 
the Size Distributions of Supported Metal Crystallites,” J .  
Catalysis, 29, 224 ( 1973 ) . 

., “Kinetics of Crystallite Sintering During Heat 
Treatment of Supported Metal Catalysts,” AIChE I . ,  19, 356 
(1973). 

Swift, D. L., and S. K. Friedlander, “The Coagulation of Hy- 
drosols by Brownian Motion and Laminar Shear Flow,” J .  
Colloid Sci., 19, 621 (1964). 

Todes, O., Problems in Kinetics and Catalysis, vol. VII, 1zd.-vo 
ANSSSR ( 1949). 

Wang, C. S., and S. K. Friedlander, “The Self-preserving Parti- 
cle Size Distribution for Coagulation by Brownian Motion 
11. Small Particle Slip Correction and Simultaneous Shear 
Flow,” J. Colloid Interfuce Sci., 24, 170 ( 1967). 
Manuscript receiued July 30, 1974, and accepted October 16, 1974. 

January, 1975 Page 135 




